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ABSTRACT
Motivated by the results of Hashimoto and Taylor, we perform a detailed study
of the mass spectrum of the non-abelian Born-Infeld theory, deﬁned by the
symmetrized trace prescription, on tori with constant magnetic ﬁelds turned
on. Subsequently, we compare this for several cases to the mass spectrum of
intersecting D-branes. Exact agreement is found in only two cases: BPS conﬁg-
urations on the four-torus and coinciding tilted branes. Finally we investigate
the ﬂuctuation dynamics of an arbitrarily wrapped Dp-brane with ﬂux.
3Aspirant FWO, address after September 1, 2000: CTP, MIT, Cambridge, USA.1. Introduction
One of the most fascinating consequences of the discovery of D-branes is their
intimate connection with gauge theories [1]. The dynamics of the massless ﬁelds on
an isolated Dp-brane is well described by a U(1) Born-Infeld action. When more than
one brane is present, the situation changes. The strings stretching between two branes
have a mass proportional to the shortest distance between those branes. When the
branes coincide, additional massless states appear. In this way, the eﬀective action for
N well separated branes, described by a (U(1))N Born-Infeld theory, gets promoted
to a U(N) non-abelian Born-Infeld theory [2]. The precise form of a non-abelian
Born-Infeld theory is still unclear. The two leading terms are known. The F 2 term is
nothing but a U(N) Yang-Mills theory, while the F 4 term has been obtained directly
from both the calculation of a four point open string amplitude [3] and from a three-
loop beta-function [4]. As the eﬀective action has to reproduce tree-level open string
amplitudes, it is clear that the trace over the Lie algebra elements should necessarily
be taken outside the square root. On this basis and from the fact that for the open
superstring, odd powers of the ﬁeldstrength should vanish, Tseytlin formulated a
conjecture for the non-abelian Born-Infeld action [5]: before taking the trace, the Lie
algebra elements should be fully symmetrized. Checking this proposal at the level of
F 6 and higher directly, is a formidable task as it requires at least either the calculation
of a six-point string amplitude or a ﬁve-loop beta-function.
In a beautiful paper [6] (see also [7]), it was shown that certain aspects of the
full Born-Infeld can be probed by switching on suﬃciently large constant background
ﬁelds. A direct test of the non-abelian Born-Infeld theory emerged in this way. Upon
compactifying the theory on a torus and T-dualizing, one obtains a conﬁguration of
intersecting D-branes which allows for a string theoretic calculation of the spectrum.
Subsequently, one calculates the spectrum of the Born-Infeld theory. Consistency
requires that both results agree. However, some evidence was found that this was
not the case [6]. In [8] it was shown that the example at hand was not suﬃcient to
uniquely resolve the discrepancy at order F 6. This was the main motivation of the
present work in which tools are developed which make the calculation possible for
arbitrary conﬁgurations.
The analysis in [6] was limited to the four-torus, as only in that case the spectrum
of the oﬀ-diagonal ﬂuctuations of the corresponding Yang-Mills theory was known[9].
Recently, one of us extended the analysis of [9] to other tori [10]. Using these re-
sults, we systematically study the spectrum of the non-abelian Born-Infeld theory in
the presence of constant magnetic background ﬁelds on various tori. The two-torus
provides the clearest and simplest example of the discrepancy.
The outline of this paper is as follows. In the next section, we brieﬂy recapitulate
1the abelian Born-Infeld theory and its stringy interpretation. Section three is devoted
to the calculation of the quadratic ﬂuctuations of the non-abelian Born-Infeld theory.
A general prescription is developed which allows to perform the calculation in the
presence of arbitrary constant and abelian backgrounds. In section four we apply these
results to the simplest case: the two-torus with arbitrary magnetic ﬁelds. We compare
both Born-Infeld and string theory results. In the following section, additional sample
calculations are made: general conﬁgurations on T 4 and BPS conﬁgurations on T 6
are studied. The subsequent section is devoted to more involved wrappings of Dp-
branes on T p. We end with some speculations on the true structure of the non-abelian
Born-Infeld theory.
2. Abelian Born-Infeld
As a warm-up exercise, we examine the spectrum of the now well-understood
abelian case and compare it to the string theory spectrum. The abelian Born-Infeld
lagrangian describes an isolated Dp-brane. For a conﬁguration with no transverse
scalars excited, it is simply4
L = −
￿
det(δ
β
α + 2πα
′F
β
α )
￿1
2 , (2.1)
with Fα
β ≡ ∂αAβ −∂βAα. We expand the gauge ﬁeld Aα around a ﬁxed background
Aα, Aα = Aα + δAα and choose the background such that its ﬁeldstrength F is
constant. Eq. (2.1) becomes,
L = −
￿
det(1 + F + δF)
￿1
2
, (2.2)
= −(detG)
− 1
4
￿
det(1 + GδF + BδF)
￿1
2
, (2.3)
where
G ≡ (1 − F
2)
−1, (2.4)
B ≡ −F(1 − F
2)
−1. (2.5)
We ignore the leading constant term and drop the term linear in the ﬂuctuations as
it is a total derivative. The ﬁrst non-trivial term is quadratic in the ﬂuctuations and
upon partial integration it assumes a simple form,
Lquad =
1
4
(detG)
− 1
4tr(GδFGδF). (2.6)
4We denote space-time indices by α, β, ... We work in a Minkowski signature with the “mostly
plus” convention. Space-like indices are denoted by i, j, ... Traces over space-time indices are denoted
by tr, while a trace over groupvariables is written as Tr. A symmetrized trace over groupvariables
is denoted by STr. We work in units where 2πα′ = 1 and we ignore an overall factor.
2When only magnetic background ﬁelds are turned on, i.e. F0i = 0, this reduces to
Lquad =
1
2
(detG)
− 1
4
￿
G
ijδF0iδF0j −
1
2
G
ijG
klδFikδFjl
￿
. (2.7)
By an orthogonal transformation, we can always bring the background ﬁelds in a
canonical form such that only F12, F34, F56, ... are possibly diﬀerent from zero.
Doing this and introducing λi,
λ2i−1 = λ2i ≡ 1 + (F2i−12i)
2, (2.8)
we obtain the ﬁnal form for the lagrangian,
Lquad =
1
2
sY
k
λk
￿
λ
−1
i δF0iδF0i −
1
2
λ
−2
i δFijδFij
￿
. (2.9)
We compactify some of the spacelike directions on a torus, and turn on magnetic ﬁelds
in these directions only. We subsequently determine the spectrum of masses in the
uncompactiﬁed directions5. We take the compactiﬁed space to be T 2n and write the
length of the ith cycle, Ci, as Li. Upon rescaling the space-like directions, eq. (2.9)
becomes, modulo an irrelevant overall scale factor, an ordinary abelian Yang-Mills
theory. In this way we immediately obtain the spectrum of the abelian Born-Infeld
theory,
M
2 =
X
i
1
λi
￿2πmi
Li
￿2
, (2.10)
where the mi are integers.
We now make contact with string theory [6]. In order that the transition functions
are well deﬁned, the ﬁrst Chern class should be an integer. In order to achieve this,
we parametrize the background as,
F2i−12i =
2πni
L2i−1L2i
, A2i−1 = 0, A2i = F2i−12ix
2i−1, (2.11)
where ni are integers. This conﬁguration corresponds to a single D2n-brane wrapped
around T 2n with a certain number of lower dimensional D-branes dissolved in it. To
calculate its spectrum from string theory we closely follow [6] and T-dualize along the
C2i, i ∈ {1,   ,n} cycles. The resulting conﬁguration is a single Dn-brane wrapped
once around the C′
2i−1 cycles and ni times around the C′
2i cycles of the dual torus. The
sizes of the cycles of the dual torus are L′
2i−1 = L2i−1 and L′
2i = 2πL
−1
2i . Calculating
the spectrum of the dual conﬁguration using string theory is now straightforward and
yields
M
2 =
n X
i=1
￿ 4π2m′2
2i−1
L′2
2i−1 + n2
iL′2
2i
+
m′2
2iL′2
2i−1n2
iL′2
2i
L′2
2i−1 + n2
iL′2
2i
￿
. (2.12)
5We use the same convention for general spacelike indices and those parametrizing the torus.
The context should make it clear what is meant.
3Identifying the integers m′
2i−1 and nim′
2i with m2i−1 and m2i respectively and switch-
ing back to the original variables, shows that eqs. (2.10) and (2.12) match. In other
words, both string theory and the Born-Infeld theory yield the same spectrum.
3. Quadratic ﬂuctuations of non-abelian Born-Infeld
Turning to the non-abelian theory, we introduce Lie algebra valued gauge ﬁelds
Aα and their ﬁeldstrength Fαβ = ∂αAβ − ∂βAα − i[Aα,Aβ]. Following [5], we deﬁne
the non-abelian Born-Infeld lagrangian by
L = −STr
￿
det(δ
β
α + F
β
α )
￿1
2 . (3.1)
Taking a symmetrized trace means that upon expanding the action in powers of the
ﬁeldstrength, one ﬁrst symmetrizes all the Lie algebraic factors and subsequently one
takes the trace.
We consider a constant background ﬁeldstrength F and denote the background
connection by A. All background ﬁelds take values in the Cartan subalgebra (CSA).
We parametrize the ﬁeldstrength as F = F +δF and the connection by A = A+δA.
In terms of these variables, the lagrangian becomes,
L = −STr(det(1 + F + δF))
1
2 (3.2)
= −STr(detG)
− 1
4
￿
det(1 + GδF + BδF)
￿ 1
2
, (3.3)
where G and B were deﬁned in eqs. (2.4) and (2.5). Picking out the term quadratic
in the ﬂuctuations gives
Lquad = −STr
￿
(detG)
− 1
4(
1
2
trBδ2F −
1
4
tr(Gδ1FGδ1F
+Bδ1FBδ1F) +
1
8
(trBδ1F)
2)
￿
, (3.4)
where we used,
D  ≡ ∂ − i[A, ], (3.5)
δF ≡ δ1F + δ2F, (3.6)
δ1Fαβ ≡ DαδAβ − DβδAα, (3.7)
δ2Fαβ ≡ −i[δAα,δAβ]. (3.8)
Again, we take the background ﬁeld purely magnetic, implying G00 = −1,G0i =
B0i = 0,Bij = −(F)i
kGkj. The lagrangian reads then,
Lquad = −STr
￿
(detG)
− 1
4(−
1
2
B
ijδ2Fij −
1
2
G
ijδ1F0iδ1F0j
+
1
4
G
ijG
klδ1Fikδ1Fjl +
1
4
B
ijB
klδ1Filδ1Fjk) +
1
8
(B
ijδ1Fij)
2)
￿
. (3.9)
4The terms proportional to B2 lead, upon partial integration, to,
−
3i
4
Str(detG)
− 1
4B
ijB
kl[F[ij,δAk]]δAl, (3.10)
where, when performing the symmetrized trace, the commutator term has to be
considered as a single Lie algebra element. Later on, we will see that this term gives
an additional contribution to the zero point energy.
As an intermezzo, we now turn to the calculation of the symmetrized traces. In
the analysis of the lagrangian at the quadratic level, we get two kinds of contributions:
those linear and those quadratic in the ﬁeld strength variation. Recalling that the
background ﬁeld strength takes values in the CSA, we get that for the linear terms,
the symmetrized trace reduces to an ordinary trace.
type 1 ≡ STr(δ2FF1F2    Fn−1) = Tr(δ2FF1F2    Fn−1) (3.11)
We turn now to the contributions quadratic in the variation of the ﬁeld strength.
They are of the form,
type 2 ≡ STr(δ1 ¯ Fδ1FF1F2   F2n)
=
1
(2n + 1)!
Tr{δ1 ¯ F(δ1FF1F2    F2n + all permutations)}, (3.12)
where the presence of the subindices and the bar above the ﬁrst variation reﬂects the
possibility that these various terms might have diﬀerent space-time index structures.
Since all ﬁelds are in the fundamental representation of the group U(N), [5], we have
F =
N X
a=1
F
aEaa,
δF =
N X
a,b=1
δF
abEab, (3.13)
where Eab is an N ×N matrix unit, i.e. it is an N ×N matrix which is zero except on
the ath row and bth column where there is a 1. Using this notation, we can perform
the trace in the type 2 term,
type 2 =
1
(2n + 1)!
N X
a,b=1
δ1 ¯ F
baδ1F
ab
￿
2n!F
b
1F
b
2    F
b
2n + (2n − 1)!F
a
1F
b
2    F
b
2n + (2n − 1)!F
b
1F
a
2F
b
3    F
b
2n
+   + (2n − 1)!F
b
1F
b
2    F
b
2n−1F
a
2n + 2!(2n − 2)!F
a
1F
a
2F
b
3    F
b
2n +    
    + 2n!F
a
1F
a
2    F
a
2n
￿
. (3.14)
5From this expression we see that we can look at each sector with given a and b
separately. In other words we work with a U(2) subgroup. Deﬁning Fa = F0 + F3
and Fb = F0 − F3, we get for ﬁxed a and b,
type 2 =
￿
δ1 ¯ F
baδ1F
ab + δ1 ¯ F
abδ1F
ba
￿￿
F
0
1    F
0
2n +
1
3
(F
3
1F
3
2F
0
3    F
0
2n
+F
3
1F
0
2F
3
3F
0
4    F
0
2n +     + F
0
1    F
0
2n−2F
3
2n−1F
3
2n)
+
1
5
(F
3
1F
3
2F
3
3F
3
4F
0
5    F
0
2n +    ) +    
    +
1
2n + 1
F
3
1    F
3
2n). (3.15)
This suggests a simple way to implement the symmetric trace. Given some arbitrary
even function of the backgroundﬁelds H(F), we get in a U(2) subsector,
STr(δ1 ¯ Fδ1FH(F)) =
￿
δ1 ¯ F
baδ1F
ab + δ1 ¯ F
abδ1F
ba
￿
I(H), (3.16)
where
I(H) ≡
1
2
Z 1
0
dα
￿
H(F
0 + αF
3) + H(F
0 − αF
3
￿
. (3.17)
These results allow for the calculation of the symmetrized trace through second
order in the ﬂuctuations in the presence of constant abelian background. In the
remainder of this section, we will use this to make the action eq. (3.9) as explicit
as possible. We consider the Born-Infeld theory on an even-dimensional torus T 2n.
This time an orthogonal transformation is not suﬃcient to bring the background into
a form where only fi ≡ F2i−12i, for i ∈ {1,2,...,n}, are non-zero. In order not to
overload the formulae, we will assume this anyway. Furthermore, without loss of any
generality, we will work with a U(2) theory. The background is of the form
fi = f
0
i σ0 + f
3
i σ3, (3.18)
where σ0 is the 2 × 2 unit matrix and σ1, σ2 and σ3 are the Pauli matrices. The
ﬂuctuations are written as
δF =
3 X
a=0
δF
(a)σa. (3.19)
Combining the term proportional to δ2F with eq. (3.10), we get the zero-point
energy term6,
L0 =
n X
i=1
δF
(3)
2i−12i
￿
−
sQ
k =i(1 + (f0
k + f3
k)2)
1 + (f0
i + f3
i )2 (f
0
i + f
3
i ) +
6Note that we slightly abuse language as also part of the potential term will contribute to the
zero-point energy.
6sQ
k =i(1 + (f0
k − f3
k)2)
(1 + (f0
i − f3
i )2 (f
0
i − f
3
i ) +
2
X
j =i
f
−
j I
￿
fifj
s Q
k =i,j(1 + f2
k)
(1 + f2
i )(1 + f2
j )
￿￿
. (3.20)
In a similar way, we obtain from eq. (3.9) the kinetic term
L1 =
n X
i=1
I
￿sQ
k =i(1 + f2
k)
1 + f2
i
￿ 2 X
a=1
￿
(δ1F
(a)
02i−1)
2 + (δ1F
(a)
02i)
2
￿
, (3.21)
and the potential
L2 = −
1
2
n X
i=1
X
j =i
I
￿s Q
k =i,j(1 + f2
k)
(1 + f2
i )(1 + f2
j )
￿ 2 X
a=1
￿
(δ1F
(a)
2i−12j−1)
2 +
(δ1F
(a)
2i2j)
2 + 2(δ1F
(a)
2i−12j)
2
￿
−
n X
i=1
I
￿sQ
k =i(1 + f2
k)
(1 + f2
i )3
￿ 2 X
a=1
￿
(δ1F
(a)
2i−12i)
2
￿
. (3.22)
The total Born-Infeld lagrangian is the sum of L0, L1 and L2. Using gauge invariance,
one can show that the rescaling in eq. (3.20) coincides with the last rescaling in eq.
(3.22). As the expression for the lagrangian is rather involved, we turn in the next
two sections to some speciﬁc examples which we then compare to string theory.
4. A case study: D2-branes on T 2
The simplest case at hand are two D2-branes on T 2. T-dualizing along one of
the directions gives two D1-branes intersecting each other at a certain angle. This
picture allows for a string theoretic calculation of the spectrum. Subsequently, this
can be compared to the spectrum obtained from the non-abelian Born-Infeld theory.
4.1. The spectrum from string theory
We consider IIB string theory on T 2 × M8, where M8 is the eight-dimensional
Minkowski space, in the presence of two D1-branes wrapped around T 2 and intersect-
ing each other at an angle γ. We take the two branes along the 1-axis and rotate one
of them over an angle γ into the 12-plane. We now proceed with the calculation of
the masses low-lying states thereby closely following [11] (see also [12] and [13]).
Combining the string coordinates on the torus as Z ≡ X1 + iX2, we get the
boundary conditions for the end point of a string tied to the ﬁrst D1-brane
ImZ|σ=0 = 0,
Re∂σZ|σ=0 = 0, (4.1)
7and for the end point tied to the rotaded brane
Ime
iγZ|σ=π = 0,
Re∂σe
iγZ|σ=π = 0. (4.2)
Implementation of the boundary conditions leads to the following mode expansion
Z =
X
m∈Z
￿
am−βe
i(m−β)(τ+σ) + a
†
−m−βe
i(m+β)(τ−σ)
￿
, (4.3)
where β = γ/π. Using,
d
dx
eax
1 − ex =
1
x2 +
1
12
(−6(a − 1)a − 1) −
1
6
((a − 1)a(2a − 1))x + O(x
2),
d
dx
e(1+a)x
1 − e2x =
1
2x2 +
1
12
(1 − 3a
2) +
1
6
(a − a
3)x + O(x
2), (4.4)
we get the regularized expressions for the vacuum energy of a boson with a moding
shifted by β,
1
2
∞ X
n=1
(n − β) = −
1
24
+
1
4
β(1 − β), (4.5)
and for Ramond and Neveu-Schwarz fermions respectively,
−
1
2
∞ X
n=1
(n − β) =
1
24
−
1
4
β(1 − β),
−
1
2
∞ X
n=1
(n −
1
2
− β) = −
1
48
+
1
4
β
2. (4.6)
For the conﬁguration under study, we ﬁnd that the vacuum energy in the Ramond
sector vanishes, while in the Neveu-Schwarz sector it is given by:
2π
￿
6 × (−
1
24
) + 2 × (−
1
24
+
1
4
β(1 − β)) +
6 × (−
1
48
) + 2 × (−
1
48
+
1
4
β
2)
￿
= γ − π. (4.7)
Now it becomes simple to calculate the masses of the low-lying states in the Neveu-
Schwarz sector. The relevant states are
(a−β)
mψ− 1
2+β|0 >NS (4.8)
with a mass given by
M
2 = (2m − 1)γ, (4.9)
and
(a−β)
mψ
′
− 1
2−β|0 >NS (4.10)
8with a mass given by
M
2 = (2m + 3)γ. (4.11)
4.2. The spectrum from Born-Infeld theory
We will restrict ourselves to the study of the oﬀ-diagonal gauge ﬁeld ﬂuctuations.
This can easily be generalized, without altering our results, to include the transverse
scalars and the fermions as well. We consider the U(2) Born-Infeld lagrangian on T 2
and choose the diagonal background
f ≡ F12 = f
0σ0 + f
3σ3. (4.12)
From eqs. (3.20-3.21), we get an expression for the part of the Lagrangian quadratic
in the ﬂuctuations,
Lquad =
￿
−
f0 + f3
p
1 + (f0 + f3)2 +
f0 − f3
p
1 + (f0 − f3)2
￿
δ2F
(3)
12 +
I
n 1
p
1 + f2
o 2 X
a=1
2 X
i=1
￿
δ1F
(a)
0i
￿2
− I
n 1
p
(1 + f2)3
o 2 X
a=1
￿
δ1F
(a)
12
￿2
.
(4.13)
Performing the symmetrized trace integrals, we obtain the ﬁnal result,
Lquad = −
(
f0 + f3
p
1 + (f0 + f3)2 −
f0 − f3
p
1 + (f0 − f3)2
)
δ2F
(3)
12 +
arcsinh(f0 + f3) − arcsinh(f0 − f3)
2f3
2 X
i,a=1
δ1
￿
F
(a)
0i
￿2
−
1
2f3
(
f0 + f3
p
1 + (f0 + f3)2 −
f0 − f3
p
1 + (f0 − f3)2
)
2 X
a=1
￿
δ1F
(a)
12
￿2
. (4.14)
From this it follows that the spectrum of the non-abelian Born-Infeld theory is
the same as that of the corresponding non-abelian Yang-Mills theory, but rescaled by
a factor ε,
ε =
(
f0 + f3
p
1 + (f0 + f3)2 −
f0 − f3
p
1 + (f0 − f3)2
)
×
1
arcsinh(f0 + f3) − arcsinh(f0 − f3)
. (4.15)
The spectrum of a U(2) Yang-Mills theory on T 2n was calculated in [10]. Combining
this with the previous, we get the Born-Infeld spectrum for the oﬀ-diagonal ﬂuctua-
tions of the gauge ﬁelds, it is given by
M
2 = 2(2m − 1)εf
3,
M
2 = 2(2m + 3)εf
3. (4.16)
94.3. Comparing results
T-dualizing the Born-Infeld conﬁguration, we get two D1-branes wrapped around
T 2 and intersecting each other at an angle γ given by
γ = arctan
￿
2f3
1 + (f0)2 − (f3)2
￿
. (4.17)
Combining eqs. (4.9) and (4.11) with eq. (4.17) and comparing it to eq. (4.16),
shows that the spectrum calculated from string theory does not match the spectrum
predicted by the non-abelian Born-Infeld theory. Of course, in the limit when f3
vanishes, which probes the abelian sector, both results match. The Taylor expan-
sion of the Born-Infeld rescaling around f0 = f3 = 0 consists of terms of the form
(f0)2m(f3)2n, m, n ∈ N. Such a term arises from the F 2m+2n+2 terms in the non-
abelian Born-Infeld action. Agreement with the string theoretic results occurs only
for (m,n) = (m,0) and (m,n) = (0,1), from which it follows that through order F 4,
the Born-Infeld action gives correct results. The mismatch appearing at order F 6 and
higher is quite serious.
5. Some other cases
5.1. D4 on T 4
In [6], D4 conﬁgurations on T 4 were investigated. We reexamine this case and
show that for self-dual conﬁgurations, the string theory results agree with the non-
abelian Born-Infeld predictions. However, we provide strong indications that any
other conﬁguration will disagree at order F 6 and higher.
We start by taking two 2-branes on T 4 along the 14 plane and rotating one of
them ﬁrst over an angle γ1 in the 12 plane and subsequently over an angle γ2 in the
43 plane. The spectrum was obtained in [6]. The low-lying NS states have masses
M
2 = (2m1 − 1)γ1 + (2m2 + 1)γ2,
M
2 = (2m1 + 1)γ1 + (2m2 − 1)γ2,
M
2 = (2m1 + 3)γ1 + (2m2 + 1)γ2,
M
2 = (2m1 + 1)γ1 + (2m2 + 3)γ2, (5.1)
with m1 and m2, two integers.
We choose a simple background
F12 = f1σ3, F34 = f2σ3. (5.2)
The background ﬁelds are related to the angles by
tan
γ1
2
= f1, tan
γ2
2
= f2. (5.3)
10Eqs. (3.20-3.21) yield
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. (5.4)
The simplest conﬁguration is the self-dual one f ≡ f1 = f2, which corresponds to a
BPS conﬁguration [11]. In that case, the integrals are standard and we get
Lquad = −2
arctan(f)
f
f
￿
δ2F
(3)
12 + δ2F
(3)
34
￿
+
2 X
a=1
4 X
i=1
￿
δ1F
(a)
0i
￿2
−
1
2
arctan(f)
f
2 X
a=1
4 X
i,j=1
￿
δ1F
(a)
ij
￿2
. (5.5)
So the spectrum of the oﬀ-diagonal ﬂuctuations of the non-abelian Born-Infeld theory
is that of the corresponding Yang-Mills theory, but rescaled by a factor ε,
ε =
arctan(f)
f
=
γ
2f
. (5.6)
In [9], one ﬁnds the spectrum of the U(2) Yang-Mills theory on T 4. It is given by
M
2 = 2(2m1 − 1)f1 + 2(2m2 + 1)f2,
M
2 = 2(2m1 + 1)f1 + 2(2m2 − 1)f2,
M
2 = 2(2m1 + 3)f1 + 2(2m2 + 1)f2,
M
2 = 2(2m1 + 1)f1 + 2(2m2 + 3)f2. (5.7)
Rescaling this spectrum by ε and comparing it to the string spectrum, eq. (5.1),
shows that for self-dual conﬁgurations, f ≡ f1 = f2 or γ = γ1 = γ2, there is perfect
agreement! The apparent disagreement found in [6] was due to the fact that the
contribution of the B2 terms to the zero point energy, eq. (3.10), was not properly
taken into account.
11We now turn to the more complicated case, where f1  = f2. This time the integrals
are more involved and can only be expressed in terms of elliptic integrals of the ﬁrst
and second kind. This can be circumvented by Taylor expanding the coeﬃcients in
eq. (5.4) around f1 = f2 = 0. However, a more serious problem arises here as well:
no linear coordinate transformation can bring eq. (5.4) into a pure Yang-Mills form.
In order to calculate the spectrum, one could repeat the analysis of [10] which will be
complicated by the fact that the mass operator will not be diagonal in the Lorentz
indices. However we believe that it is highly unlikely that the Born-Infeld action
would reproduce the string spectrum. In fact this can already be seen by putting the
f2 background to zero. For this choice, the calculation reduces to the one studied in
the previous section where no agreement was found.
Keeping only those corrections induced by the F 2 and F 4 terms in the Born-
Infeld action gives a spectrum as in eq. (5.7), but with fi replaced by fi − (fi)3/3.
Comparing this to eq. (5.1), using eq. (5.3), shows that this is indeed the desired
result up to this order.
5.2. BPS conﬁgurations on T 6
From the previous examples, one would be tempted to conclude that Tseytlins
proposal for the non-abelian Born-Infeld action does work for BPS states. Indeed,
BPS states on T 2 correspond to abelian backgrounds and on T 4 they are either abelian
or self-dual. However, in this subsection, we brieﬂy comment on the situation on T 6.
Consider two D3-branes on T 6 alligned in the 146-hyperplane. We rotate one of them
over an angle γ1 into the 12-plane, followed by another rotation over an angle γ2 in the
43-plane and ﬁnally we rotate it by an angle γ3 into the 65-plane. Such a conﬁguration
should be described by choosing constant magnetic backgrounds F2i−12i = fi with
fi = tan(γi/2), where i ∈ {1,2,3}. It seems impossible to express the integrals in eqs.
(3.20-3.22) in terms of known functions. However, again we can perform the integrals
by Taylor expanding all the coeﬃcients till a certain order around fi = 0. Doing this
one notices that once more, except when all backgroundﬁelds are equal in magnitude,
the rescalings are such that the result cannot be brought into a Yang-Mills form.
When all background ﬁelds are equal in magnitude, the Born-Infeld spectrum can be
calculated from the corresponding Yang-Mills spectrum. Once more, the Born-Infeld
spectrum does not match the spectrum obtained from a string theoretic calculation.
It looks highly unlikely to us that the Born-Infeld spectrum will match the string
spectrum for generic choices of backgrounds/angles. This is reinforced by the fact
that through quartic order in the ﬁeldstrength, the Born-Infeld action scales correctly
and does reproduce correct results and this for arbitrary choices of the background
ﬁelds.
If this is correct, this would imply that the non-abelian Born-Infeld theory is not
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Figure 1: A D2-brane wrapped 6 times around the torus R2/Λ can be represented
as a quotient R2/Σ with Σ a rank 6 sublattice of Λ. For the lattice shown here, the
classiﬁcation parameters mij introduced in the text are m11 = 3, m22 = 2, m21 = 1,
m12 = 0. With the indicated sheet labeling 1,...,6, the closed path e1 acts as the
permutation (123)(456) on the sheets (so e1[1] = 2, e1[2] = 3, e1[3] = 1 etc.), while
e2 acts as (143625). From this diagram, one can also read oﬀ the winding numbers
ℓi that appear further on in the momentum quantization condition: for example the
oﬀ-diagonal mode generated by E16 has ℓ1 = 2,ℓ2 = 1.
able to correctly describe BPS states on T 6. In [11], the condition under which a
conﬁguration of branes at angles preserves some supersymmetry was derived. With
the above conﬁguration on T 6 this would correspond to D3-branes at angles satisfying
γ1 = γ2 + γ3. In terms of the backgrounds, this is
f1 =
f2 + f3
1 − f2f3
. (5.8)
6. Multiply wrapped branes
In this section, we consider a single multiply wrapped D-brane on the torus T d,
with arbitrary wrapping structure. We give a general construction of the ﬂuctua-
tion spectrum, discuss the phenomenon of fractional momentum quantization, and
explain how this can be understood physically in terms of the string picture of brane
ﬂuctuations. In this single brane case, the symmetrized trace always reduces to an
ordinary trace, and furthermore the non-abelian Born-Infeld spectrum matches string
theory expectations. This indicates it is indeed the trace prescription that needs to
be reconsidered rather than the basic form of the non-abelian Born-Infeld action.
We will study the most general case here, but it might be useful to have in mind
some concrete examples, like the class of D2-brane wrappings on T 2 studied in [6].
6.1. Classiﬁcation of brane wrappings
13Consider an arbitrary p-brane wrapped (without branch points) around the torus
T p = Rp/Λ, where Λ = {(i1L1,...,ipLp)|i1,...,ip ∈ Z}. The D-brane, considered as
a covering of the torus, can be identiﬁed with Rp/Σ, where Σ is a sublattice of Λ (see
ﬁg 1 for an example). Diﬀerent possible sublattices correspond to diﬀerent possible
wrappings. Then N, the number of times the brane covers the torus is equal to the
rank of Σ in Λ, that is, the number of elements in the group Λ/Σ.
The classiﬁcation of N-fold wrappings is thus equivalent to the classiﬁcation of
sublattices of rank N. A sublattice Σ is speciﬁed by a basis {si}i with si = mijej,
where {ei}i is the standard basis of Λ and mij is an integral matrix with determinant
N. Bases that diﬀer by an SL(p,Z) transformation are equivalent as they generate
the same lattice Σ. This equivalence can be used to transform mij into a lower
triangular matrix, i.e. mij = 0 for i < j. To see this, let us ﬁrst consider the case
p = 2. An SL(2,Z) transformation acts on mij as
￿
m11 m12
m21 m22
￿
→
￿
a b
c d
￿￿
m11 m12
m21 m22
￿
, (6.1)
so in particular m12 → am12 + bm22. Choosing a = m22/r, b = −m12/r with
r = gcd(m12,m22), and c, d such that da−cb = 1 we obtain the desired SL(2,Z) trans-
formation putting m12 = 0. Similarly, for p > 2, mij can be put in lower triangular
form by repeated application of elements of SL(2,Z) subgroups of SL(p,Z).
Now the residual SL(p,Z) transformations are also lower triangular, with all di-
agonal elements equal to ±1. The latter can be taken to be +1 by putting all mii > 0
(we assume N > 0, i.e. the brane has positive orientation). The number of times the
brane wraps the xi direction7 is given by mi ≡ mii, and N =
Q
i mi. The residual
equivalence is ﬁxed by requiring 0 ≤ mij < mii for all i,j with i > j. Indeed, for
p = 2, the residual equivalence acts on mij as m21 → m21 + cm11, c ∈ Z (with the
other mij unchanged), so the equivalence is ﬁxed by requiring 0 ≤ m21 < m11. For
p > 2, the analogous statement can be deduced by repeated application of the p = 2
reasoning.
So all in all we ﬁnd
wp,N =
X
{mi :
Q
i mi=N}
(m1)
p−1(m2)
p−2    mp−1 (6.2)
inequivalent N-fold wrappings of T p by a single p-brane, parametrized by p winding
numbers mi and p(p − 1)/2 ‘mixing’ numbers mij, i > j.
6.2. Implementation in worldvolume U(N) gauge theory
7Note that this “winding number” mi is not really canonically deﬁned, in the sense that it depends
on how one chooses to gauge ﬁx the SL(p,Z) equivalence.
14The low energy dynamics of a Dp-brane wrapped N times around T p is described
by a U(N) (Born-Infeld) gauge theory on T p with nontrivial boundary conditions (’t
Hooft twists [15]), depending on the structure of the wrapping, which as discussed
above is given by a sublattice Σ of Λ. The U(N) indices can be identiﬁed with
the sheets of the covering Rp/Σ → Rp/Λ. In general, starting on a sheet a and
moving along a closed path γ in the torus, one ends up on a diﬀerent sheet γ[a]. The
sheet permutation a → γ[a] is (up to sheet relabeling) completely determined by Σ.
Indeed, a point on sheet a of the D-brane with coordinate x on Rp/Λ is represented
by a unique point x + x(a) of the covering space Rp/Σ. Moving along a closed loop
γ will move this to the point x + x(a) + x(γ) mod Σ of R/Σ, which in turn belongs
to a certain sheet γ[a], uniquely determined by Σ (and γ of course). Conversely, Σ is
uniquely determined by the permutations a → γ[a]: it is the lattice of points in the
covering space Rp reached by paths σ that start from x = 0 and for which σ[a] = a
for all sheets a.
In the case of vanishing background ﬁelds, the wrapping structure can be imple-
mented by the following boundary conditions on ﬁelds in the fundamental of U(N):
φ(L1,x2,...,xp) = Ω1 φ(0,x2,...,xp)
φ(x1,L2,...,xp) = Ω2 φ(x1,0,...,xp)
   
φ(x1,x2,...,Lp) = Ωp φ(x1,x2,...,0),
where the Ωi are the index permutation matrices corresponding to the wrapping
structure, that is, identifying the basis element ei of Λ with a closed loop in the xi
direction:
(Ωi)
a
b = δei[a],b (6.3)
An equivalent and more invariant description is in terms of parallel transport.
Consider an arbitrary path γ between points Pi and Pf. Suppose γ intersects the
coordinate boundary surfaces at the points P1,...,Pn. Then parallel transport of
U(N) fundamentals along γ is given by φ → U(γ)φ with
U(γ) ≡ Pexp[i
Z Pf
Pn
A]Ω(Pn)
−1 Pexp[i
Z Pn
Pn−1
A]Ω(Pn−1)
−1     Pexp[i
Z P1
Pi
A], (6.4)
where the path ordered exponentials are over the indicated parts of γ and the Ω(Pi)
are the appropriate U(N) transition functions at the intersection points. On objects
X transforming in the adjoint, U acts as X → UXU−1. Note that by construction
U(γ2 ◦ γ1) = U(γ2)U(γ1).
15Now in the case of zero background ﬁeld A, the implementation of the wrapping
structure in the gauge theory can be described in terms of U as
U(γ)
a
b = δγ[a],b (6.5)
for any closed path γ. In particular for all σ ∈ Σ (that is paths starting at 0 and
ending at a point of Σ when lifted to the covering space Rp), we have
U(σ)
a
b = δa,b (6.6)
When diagonal background ﬁelds are switched on, U(γ) and the boundary con-
ditions will in general pick up additional diagonal components (possibly path resp.
position dependent), changing (6.5) in
U(γ)
a
b = δγ[a],b e
iφb(γ). (6.7)
However, parallel transport of a diagonal matrix is insensitive to the phase factors:
U(γ) diag(da)a U(γ)
−1 = diag(dγ[a])a (6.8)
Note that in general there exist many diﬀerent equivalent gauge theory descrip-
tions of the same brane system, related by gauge transformations g(x) (not neces-
sarily satisfying the boundary conditions). Such transformations in general change
both background ﬁelds and boundary conditions. We introduced the description in
terms of U(γ) here because, unlike boundary conditions and background ﬁelds, it is
invariant (up to conjugation) under such transformations.
In this paper we only consider backgrounds with diagonal and (covariant) constant
ﬁeld strength F. This together with (6.8) and the fact that we are considering a single
wrapped brane implies that F is proportional to the unit matrix IN: F = FIN. Then
for a closed contractible path C, sweeping out the surface S when contracted to a
point, we have
U(C) = e
i
R
S FIN, (6.9)
and for two closed paths γ1, γ2 with equal base points:
U(γ2)U(γ1) = e
i
R
S(γ1,γ2) F U(γ1)U(γ2), (6.10)
where S(γ1,γ2) is the surface swept out by contracting γ2 ◦ γ1 ◦ γ
−1
2 ◦ γ
−1
1 . More
explicitly, one has Z
S(γ1,γ2)
F = Fij
Z
γ1
dx
i
Z
γ2
dx
j. (6.11)
Since U(σ) is diagonal for σ ∈ Σ (cf. equation (6.7)), the relation (6.10) implies that
for σ1,σ2 ∈ Σ we must have
Fij
Z
σ1
dx
i
Z
σ2
dx
j ∈ 2πZ. (6.12)
16Applying this to the basis elements si = mijej of Σ introduced in section 6.1, yields
the ﬂux quantization condition
Fij =
2π
LiLj
(m
−1)ik (m
−1)jl qkl (6.13)
where the qkl = −qlk are integers.
Note also that parallel transport of objects transforming in the adjoint is invariant
under continuous path deformations.
6.3. Fluctuation spectrum
Because the ﬁeld strength is proportional to the unit matrix, the derivation of
the ﬂuctuation spectrum of the non-abelian Born-Inﬂed theory in this background
is quite analogous to the derivation in the abelian U(1) case discussed in section 2.
The main diﬀerence is the modiﬁed quantization condition on the momenta. When
the brane carries ﬂux, this modiﬁcation is nontrivial [6]. Below we give a general
construction of the spectrum, independent of speciﬁc background ﬁeld and boundary
condition choices, which clearly shows the physical origin of the modiﬁcations to the
momentum quantization condition.
The ﬂuctuation modes of the quadratic Lagrangian (3.9), in the gauge A0 = 0,
DiAi = 0, are of the form δAi = uiδA with kiui = 0 and δA a solution of
DjδA = ikjδA, (6.14)
with energy
M
2 = G
ijkikj (6.15)
where G is given by (2.4) as usual. Solutions to (6.14) are of the form
δA(x) = U(γx)δA0U(γx)
−1 e
i
R
γx kidxi
, (6.16)
where γx is any path from 0 to x. Because U acting in the adjoint is invariant under
continuous path deformations, (6.16) gives indeed a well deﬁned globally smooth
solution, provided
δA0 = U(λ)δA0 U(λ)
−1 e
i
R
λ kidxi
(6.17)
for any closed path λ based at 0. Such paths can be identiﬁed with the points of the
lattice Λ, hence the notation λ. Note that if condition (6.17) is satisﬁed, one trivially
has
δA0 = lim
Λ′→Λ
1
|Λ′|
X
λ′∈Λ′
U(λ
′)δA0 U(λ
′)
−1e
i
R
λ′ kidxi
, (6.18)
where Λ′ denotes a subset of Λ of size |Λ′|. Conversely, any δA0 deﬁned by
δA0 ≡  E k ≡ lim
Λ′→Λ
1
|Λ′|
X
λ′∈Λ′
U(λ
′)E U(λ
′)
−1 e
i
R
λ′ kidxi
, (6.19)
17with E an arbitrary matrix, automatically satisﬁes condition (6.17), as follows from
U(λ)U(λ′) = U(λ◦λ′) and invariance up to a phase of (6.18) under the shift λ′ → λ◦λ′.
So the general solution to (6.17) is a linear combination of the matrices  Eab k,
with the matrix basis Eab, a,b = 1,...,N as deﬁned under equation (3.13). Now
 Eab k is only nonzero for speciﬁc values of the momentum k. To see this, ﬁrst note
that (6.7) implies we can write Eab = U(γab)Db with γab a closed path that, lifted to
the covering space, runs from 0 lifted to sheet a to 0 lifted to sheet b, so γab[a] = b,
and with Db the diagonal matrix deﬁned by (Db)cc = e−iφb(γab)δcb. Then for σ ∈ Σ,
we have
 Eab k =  U(γab)Db k
= exp[i
Z
σ
kidx
i] U(σ)U(γab)DbU(σ)
−1 k
= exp[i
Z
σ
kidx
i] exp[i
Z
S(γab,σ)
F]U(γab)U(σ)Db U(σ)
−1 k
= exp[i
Z
σ
kidx
i + i
Z
S(γab,σ)
F] U(γab)Db  k
= exp[i
Z
σ
kidx
i + i
Z
S(γab,σ)
F] Eab k.
Equation (6.10) was used in going from the second to the third line, and (6.8) together
with σ[b] = b to go from the third line to the fourth. So  Eab k can only be nonzero
if the following momentum quantization condition is satisﬁed:
Z
σ
kidx
i +
Z
S(γab,σ)
F ∈ 2πZ (6.20)
for all σ ∈ Σ. For diagonal excitations, the ﬂux term is zero and the quantization
condition is simply the usual one for a particle on a compact space — here the covering
space Rp/Σ corresponding to the wrapped brane, as could be expected. However, oﬀ-
diagonal excitations pick up an additional phase when going around a loop, and the
quantization condition is shifted. In the string picture of these excitations, where
the oﬀ-diagonal ﬂuctuations correspond to open strings with endpoints on diﬀerent
sheets, this additional term is easily understood: it is nothing but the usual coupling
of a string running from sheet a to sheet b and going around a loop σ of the brane,
to the given gauge ﬁeld background. Also the eﬀective metric G appearing in (6.15)
can be understood directly in the string theory picture, see e.g. [16]. So here the
non-abelian Born-Infeld theory matches nicely with string theory expectations, and
in particular we expect the ﬂuctuation spectrum to be reproduced by string theory
on an appropriate T-dual system, as in [6], though we did not work out the details
for the general case.
18Let us make (6.20) more explicit. Using (6.11) and (6.13), and taking σ equal to
the basis elements si = mijej introduced in section 6.1, the quantization condition
can be rewritten as
ki =
2π
Li
(m
−1)ij [nj + (m
−1)kl qjl ℓk], (6.21)
where the nj are arbitrary integers, qjl = −qlj are the ﬂux quantum numbers from
(6.13), and ℓk is the winding number of γab in the xk direction: γab = lkek. The
precise fractionalization of momentum depends on the details of the diﬀerent integers
involved, but the minimal momentum quantum will never be less than 1/N.
Note that if the momentum quantization condition is satisﬁed, the inﬁnite sum in
(6.19) can be reduced to a ﬁnite sum over Λ/Σ:
 Eab k =
1
N
X
λ′∈Λ/Σ
U(λ
′)Eab U(λ
′)
−1e
i
R
λ′ kidxi
, (6.22)
because paths λ′ and λ′ ◦ σ, with σ ∈ Σ, give the same contribution. This gives an
in principle straightforward way to compute the  Eab k explicitly for a given U(N)
bundle. It also shows that all modes constructed from  Eab k are nonzero, because
all terms in the ﬁnite sum are linearly independent matrices. Finally note that all
 Eab k with the same γab (i.e. the same ℓi) are actually equal up to a phase factor,
as they are mapped to each other by a path shift λ′ → λ′ ◦ γ for a certain γ. This
corresponds to the fact that only the relative position (in the covering space) of the
sheets is physical. So the quantum numbers ni and ℓi appearing in (6.21) label the
modes without degeneracy.
7. Conclusions
The calculation of the mass spectrum is probably the simplest question which can
be addressed by means of the eﬀective action. It only probes the eﬀective action
through second order in the ﬂuctuations. As we demonstrated in this paper, the non-
abelian Born-Infeld action deﬁned using the symmetrized trace prescription is not
able to reproduce the spectrum as predicted by string theory. Not surprisingly, the
ﬁrst two terms of the Born-Infeld action, the F 2 and F 4 terms, give correct answers.
However at order F 6 and higher, things go wrong. Keeping in mind that the non-
abelian Born-Infeld action should reduce to the sum of abelian Born-infeld actions
for well separated D-branes, additional corrections should involve commutators of
the ﬁeld strengths. As advocated by Tseytlin, this can be understood as follows. At
higher order one expects corrections going as derivatives acting on the ﬁeldstrength
[14] which, under the assumption that the velocities vary slowly, are ignored in the
eﬀective action. However this is ambiguous in a non-abelian gauge theory as one has
19that
DαDβFγδ =
1
2
{Dα,Dβ}Fγδ −
i
2
[Fαβ,Fγδ]. (7.1)
It is clear that the symmetrized product of derivatives acting on a ﬁeldstrength
should be viewed as an acceleration term which can safely be neglected. The anti-
symmetrized products however should be kept and will contribute to the mass spec-
trum! Precisely these terms are not captured by the proposal in [5].
The present work clearly demonstrates the need to address this problem. One
possible way would be to construct these terms using string ﬁeld theory along the lines
developed in [17]. However in order to make concrete statements about the F 6 terms,
the calculation has to be pushed to an order which is probably unfeasible without
the aid of a computer. Another way to get the F 6 terms would be by calculating a
ﬁve loop beta function. Due to the fact that for the present purpose it is suﬃcient to
consider trivial gravitational backgrounds, the vertices appearing are rather simple.
Despite of this, the calculation remains very involved. Yet another approach could
consist of supersymmetrizing the non-abelian Born-Infeld action. It might be that
the requirement of invariance under κ-symmetry favorizes certain ordenings.
Perhaps the simplest way to proceed is by using the mass spectrum as a guideline.
As a ﬁrst step, one would have to make a systematic analysis of possible modiﬁcations
of the F 6 terms in the non-abelian Born-Infeld action. In [8], a ﬁrst attempt was
already made but it was clear that the T 4 case was not suﬃcient to unambigously
determine the F 6 term. Now, many more examples are available. A priori we expect
5! diﬀerent permutations of the Lie algebraic factors to be relevant. However, as the
mass spectrum automatically narrows the group to a U(2) factor, the number of truly
inequivalent permutations is considerably smaller. In fact a closer analysis shows that
there are only 15 possibilities. Furthermore, ignoring the Lorentz indices all together,
only 5 inequivalent ordenings remain. The two-torus, being a particularly simple case,
is the best place to start the analysis.
Additional hints are provided by the BPS conﬁgurations on T 4 for which Tseytlins
prescription does provide the correct spectrum. On T 6 and T 8 further insights are
provided by the fact that in the Yang-Mills case BPS conﬁgurations involve linear
relations between the backgrounds [10], while for the Born-Infeld theory the back-
grounds should satisfy non-linear relations [11]. Indeed, focussing on T 6 we saw that
at the level of the Yang-Mills theory the BPS relation is given by f1 − f2 − f3 = 0
while in the Born-Infeld theory it becomes
f1 − f2 − f3 = (2πα
′)
2f1f2f3. (7.2)
We reinserted the factors of 2πα′ in order to clearly demonstrate that this indeed
relates diﬀerent orders in F in the Born-Infeld theory.
20We also know that the Born-Infeld spectrum should have the same form as the
Yang-Mills spectrum, but with rescaled backgrounds. As became clear from section 5,
this puts strong additional constraints on the possible modiﬁcations. Finally, requir-
ing a consistent behaviour of the Born-Infeld action under T-duality further reduces
the possibilities. A systematic study of modiﬁcations of the non-abelian Born-Infeld
action satisfying all requirements will be presented in a separate publication [18].
The initial exploration of general wrappings of D-branes on tori, opens several
interesting questions, such as the precise implications of T-duality transformations
and D-brane conﬁgurations on more involved geometries, which deserve further in-
vestigation. We hope to return to this in the future.
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